We study the flavor structure in SO(32) heterotic string theory on six-dimensional torus with magnetic fluxes. In particular, we focus on models with the flavor symmetries SU (3) f and ∆(27). In both models, we can realize the realistic quark masses and mixing angles. *
Introduction
Superstring theory is the promising candidate for unified theory to describe all the interactions including gravity and matter such as quarks and leptons, and Higgs fields. Superstring theory predicts six-dimensional (6D) compact space in addition to the four-dimensional (4D) spacetime, i.e., totally the ten-dimensional (10D) spacetime. Massless spectrum is completely determined at the perturbative level when one fixes concretely a compactification, i.e., geometrical and gauge background. Actually, various interesting models have been constructed and those include the gauge symmetry of the stanard model (SM), SU(3) C × SU(2) L × U(1) Y and three chiral generations of quarks and leptons. (See for review [1] .) In some models, supersymmetry (SUSY) remains in 4D, while SUSY is broken in other models. Thus, there are lots of (semi-)realistic models from the viewpoint of massless spectra. The next issue to study about these models is to examine whether those models can lead numerically realistic results on the parameters in the SM, e.g. experimental values of gauge couplings and Yukawa couplings, the Higgs potential, the CP phase, etc.
Recently, SO(32) heterotic string theory on toroidal compactification with magnetic fluxes was studied. Several models with the SM gauge group and three chiral generations have been constructed [2] . In addition, one of interesting aspects in this type of models is that they lead to non-universal gauge couplings among the SU(3) C , SU(2) L and U(1) Y groups and such nonuniversal corrections depend on magnetic fluxes and Kähler moduli [3] . Then, it is possible that these models with the SM gauge group and three chiral generations lead to the gauge couplings consistent with the experimental values [4] . Note that the E 8 × E 8 heterotic string theory on toroidal compacfitication can not lead to such non-universal gauge couplings between SU(3) C and SU(2) L only by magnetic fluxes.
1 Hence, this non-universality is an interesting aspect in SO(32) heterotic string theory, although one-loop threshold corrections can lead to non-universal effects on gauge couplings in E 8 × E 8 hetetrotic string theory [6, 7, 8] . (See for numerical studies [9, 10] .)
As the next step, here we study quark and lepton masses and mixing angles in SO(32) heterotic string theory on toroidal compactification with magnetic fluxes. Because of magnetic fluxes, zero-mode profiles are non-trivially quasi-localized. When zero-modes are localized close to each other, their couplings are strong. On the other hand, when they are localized far away from each other, their couplings are suppressed. Indeed, their couplings are given by the Jacobi ϑ function [11] . Thus, we could lead to phenomenological interesting results on fermion mass matrices.
2 Already, the flavor structure of the SO(32) heterotic string theory on magnetized torus has been studied in [2] , and it is shown that several flavor symmetries appear such as SU(3) f , ∆(27), etc. Appearance of discrete flavor symmetries such as ∆(27), ∆(64) and D 4 have been pointed out in heterotic orbifold models [13, 14] and intersecting/magnetized D-brane models [15, 16] , and certain non-Abelian flavor smmetries are interesting to realize fermion masses and mixing angles [17, 18, 19] . Thus, we study quark masses and mixing angles, which are derived from SO(32) heterotic string theory on toroidal compactification with magnetic fluxes. We focus on models with the flavor symmetries SU(3) f and ∆(27). We also discuss the lepton sector. This paper is organized as follows. In section 2, we review SO(32) heterotic string theory on toroidal compactification with magnetic fluxes, and explain models with the flavor symmetries SU(3) f and ∆(27). In section 3, we study quark masses and mixing angles in SU(3) f and ∆(27) models. In section 4, we also discuss the lepton sector and neutrino and Higgs masses. Section 5 is conclusion and discussion.
10D SO(32) SYM on magnetized tori
In this section, we give a brief review of SO(32) heterotic string theory on the torus compactification with background magnetic fluxes. We also explain their flavor symmetries and Yukawa couplings.
Three generation models from SO(32) heterotic string theory
The low-energy effective field theory of SO(32) heterotic string theory is described by 10D SO(32) super Yang-Mills (SYM) theory coupled with supergravity. We compactify the 6D space to three 2-tori (
with magnetic fluxes. We break SO(32) gauge group by inserting U(1) magnetic fluxes,
Since SO(32) has 16 Cartan elements H i (i = 1, . . . , 16), we define Cartan elements of SU(3) along H 1 − H 2 , H 1 + H 2 − 2H 3 and SU(2) as H 5 − H 6 . We set Cartan elements of U(1) a as
(1, 1, 1, −3, 0, 0; 0, 0, . . . , 0), U(1) 4 : (0, 0, 0, 0, 0, 0; 1, 0, . . . , 0), U(1) 5 : (0, 0, 0, 0, 0, 0; 0, 1, . . . , 0), . . .
in the basis H i . Then, we use the basis that non-zero roots have charges We define three 2-tori (T 2 ) i ≃ C/Λ i with i = 1, 2, 3, where Λ i are two dimensional lattices generated by e 1 = 2πR i and e 2 = 2πR i τ i , τ i ∈ C. R i and τ i are the radii and complex structure moduli. Then, the 6D metric is given by
where
with the real coordidates x m for (m, n = 4, . . . , 9) and the complex coordistes
(i = 1, 2, 3) of the 6D space. We expand U(1) a magnetic fluxes in the compact spacef a with a = 1, . . . , 13 in the basis of Kähler forms,
where d a are normalization factors, m i a are integers or half-integers determined by Dirac quantization condition.
The 10D gauge fields and gaugino fields are decomposed as
where M = 0, 1, · · · , 9 , µ = 0, 1, 2, 3 and φ 
Magnetic fluxes (6) can be obtained from the U(1) a vector potentials
Note that we included the degree of freedom of complex Wilson lines ζ i a = ζ
. We use the following Gamma matrices on (T 2 ) i ,
satisfying the Clifford algebra, Γ
ab . In holomorphic coordinates, then, we obtain
from Eq. (5). The Dirac equation for the zero-modes with the representation A and the
with the covariant derivatives
The Dirac equations can be rewritten in terms of components of
Here, ψ 
and normalization factors N I are determined such as
The index I = 0, . . . , |M i A | labels degenerate zero-modes. The total degeneracy, i.e. the number of generations is product of |M i A |,
One can extract candidates for SM particles from adjoint representation of SO(32) gauge group with identification of hypercharge U(1) Y = (U(1) 3 + 3 N a=4 U(1) a )/6, where N depends on models. ( See for detail [2] .) These candidates are summarized as follows,
where indices imply U(1) 1,...,13 charge q 1,...,13 and the underlines are possible permutations. Here, we focus on supersymmetric standard model, e.g., the minimal supersymmetric standard model (MSSM). Here and hereafter, we use the superfield notation. We can discuss nonsupersymmetric SM similarly. We need constraints on magnetic fluxes in order to make U(1) Y massless [2] ,
Furthermore, we impose K-theory constraints to construct models without heterotic five-branes,
We can achieve these conditions by setting
For the right-handed sector, we can obtain three generations of quarks and leptons when 
Flavor symmetries in three generation models
For the left-handed sector, three generations of quark and lepton doublets are realized by 12 cases,
Since these cases are related with each other by interchanging two tori ( 
without losing generality.
For the right-handed sector, we have a lot of models to realize three generations of quarks and leptons. The first example is obtained as follows,
In this model, the gauge symmetries enhance to larger one,
symmetries are flavor symmetries among the right-handed quarks and leptons as well as Higgs fields. That is, the right-handed quarks in the up-sector (down-sector) are a triplet under SU(3) u (SU (3) The second example is obtained as
This model has the gauge symmetry SU(2) R , whose Cartan element is H 4 − H 5 . In addition, this model has non-Abelian discrete symmetry ∆(27) [15] . The three generations of the quarks and leptons are triplets under ∆(27). The Higgs fields are also ∆(27) triplets. There are other models, which have different flavor structures. We focus on the above two models, the SU(3) f flavor model and the ∆(27) flavor model, since they contain good flavor symmetries, leading simple mass matrices. Throughout this paper, we also assume that the gauge couplings of those flavor symmetries are enough suppressed at the low-energy scale, although it depends on the matter contents of hidden sector.
Computation of Yukawa couplings
As shown in the previous section, the wavefunction of each degenerate mode on tori is quasilocalized at a different point, which is controlled by Wilson lines. Since performing overlap integral derives Yukawa couplings, those couplings can become hierarchical. Let us now compute Yukawa couplings. Yukawa coupling in 4D is given by product of three overlap integrals on three 2-tori, i.e.
where g is the 4D gauge coupling, I = (
, and we impose invariance under U(1) a gauge symmetries, q By performing overlap integral, we obtain
3 Quark masses and mixings
In this section, we study the mass matrices and mixing angles of quark sector.
SU (3) f model
We begin with the SU (3) Yukawa coupling terms of the up-sector quarks and 3 Higgs fields,
can be written by
up to the normalization factors, where η n,ζ ui is contributions on Yukawa couplings from the first T 2 , and is obtained by use of Eq. (28). In the following analysis, we restrict complex structure moduli τ i and Wilson lines ζ i a are pure imaginary. Then, η n,ζ ui is written by
We obtain η 0,ζ ui ∼ 1 for ζ ui = 0. Similarly, the down sector Yukawa couplings are written in the same form except replacing η n,ζ ui by η n,ζ di . Wilson lines for the down sector are defined by
Here, we assume that these Higgs fields develop their vacuum expectation values (VEVs). That leads to the following mass matrix for the up-sector
and the down sector mass matrix
The mass ratios and mixing anlges are determined by the complex structure τ 1 on the first T 2 , Wilson lines ζ ui and ζ di and ratios ρ u1 , ρ u2 , ρ d1 , ρ d2 . In this paper, we treat them as free parameters to fit the data, although they are determined by the stabilization of moduli and Higgs fields.
The above matrices for up-sector have the hierarchy, M
Let us consider the (2 × 2) lower right submatrix first. Because of the hierarchical structure, the diagonalizing angles of the up-and down-sector mass matrices are estimated as
and the mass ratios are also estimated as
Similarly, we can examine the (2 × 2) upper left submatrix to estimate diagonalizing angles θ u,d 12
and θ u,d
13 as well as mass ratios. Then, the Cabibbo-Kobayashi-Masukawa(CKM) matrix,
is estimated as |V us | ∼ |θ 
The renormalization group flow in the SM leads
at Λ GUT = 2 × 10 16 GeV. ( see e.g. [20] .) The RG flow of the MSSM also leads to similar values. With hierarchical Yukawa matrices, we can estimate mass ratios and mixing angles for up-sector,
(44) Down-sector gives similar expressions.
When ρ ui ∼ ρ di ∼ 1, the ratios of the above parameters bring insufficient hierarchy to realize the mixing angles, thus we need tuning to realize hierarchical structure. Here we show an example of set of parameters, yielding realistic quark masses and mixings. We set 44), indicating cancellation derives hierarchical mass ratio. Similar cancellation is required to derive other mass ratios. Since ρ ui , ρ di ∼ O(1) do not suppress mass ratio, we need tuning to realize hierarchical masses. These parameters lead to realistic values shown in Table  1 . When ρ ui , ρ di are not of O (1), but hierarchical, we do not need tuning. Next, we show an example without tuning. We set 
∆(27) model
Let us move on to the ∆(27) flavor symmetry model. In this model, all of quarks and leptons are the same type of triplets of ∆(27). 3 We focus on the case M = (−3, 1, −1) to obtain full-rank mass matrices. This model contains (6 = 2 × 3) pairs of vector-like Higgs fields, and they are 2 triplets of ∆(27), which are also the same type of triplets as quarks and leptons. The degeneracy factor, 6, comes from 6 chiral zero-modes on first T 2 . We use all pairs of Higgs fields to realize realistic mass matrices, which are two triplets under ∆(27). We denote them by H uK and H dK with K = 0, . . . , 5. Among them H uK as well as H dK with K = 0, 1, 2 correspond to a triplet, while H uK as well as H dK with K = 3, 4, 5 correspond to another triplet, They lead to Yukawa coupling term
which can be written by
up to the normalization factors, whereη n,ζu is contributions on Yukawa couplings from the first T 2 , again. As SU(3) f model, we restrict that complex structure moduli τ and Wilson lines ζ a are pure imaginary. Thenη n,ζu is written bỹ
Similarly, the down sector Yukawa couplings are written in the same form except replacing η n,ζu byη n, 
Note that Y IJm , (m = 0, 1, 2), have hierarchy opposite to Y IJm+3 , not preferred to realize hierarchical Yukawa matrix. We assume that H u2 , H u3 and H u4 develop their VEVs. Then, the mass matrix of up-sector quarks is obtained as ,
with i = 2, 3. For the down-sector, ρ d3η9,ζ d is too small to realize down quark mass. Thus, we assume that H d0 as well as H d2 , H d3 and H d4 develop their VEVs. Then, the mass matrix of the down-sector quarks is given by
where 
Then, we can estimate 
we obtain the realistic quark masses and mixings shown in Table 3 . 
Lepton sector
Here, we give comments on the lepton sector. As mentioned in section 2.1, when magnetic flux and Wilson lines along the U(1) 3 direction are vanishing, the SU(3) C gauge symmetry is enhanced to SU(4). In such a case, the charged lepton mass matrix is the same as the down-sector quark mass matrix. Let us consider the model, where this SU(4) is broken only by Wilson lines. That is, we introduce different Wilson lines between the down-sector quarks and charged lepton sectors. Then, the charged lepton mass matrix corresponding to section 3.1 can be written,
for the SU (3) 
Similarly, we can discuss the charged lepton sector for the ∆(27) model. Thus, it is straightforward to realize the charged lepton mass ratios in both the SU(3) f model and ∆(27) model. We may assign the right-handed neutrinos such that they can couple with the left-handed leptons and up-sector Higgs scalars. That is the assignment in section 2. Then, in order to discuss the neutrino masses, we need to study the origin of right-handed Majorana masses. Our models do not include singlets, whose VEVs become right-handed Majorana mass terms in the 3-point couplings, because of gauge invariances of extra U(1) symmetries. Thus, right-handed Majorana mass terms would be generated by higher dimensional terms or non-perturbative terms. Such non-perturbative terms may be constrained by extra anomalous U(1) symmetries, because factors in non-perturbative terms, e −aS−b i T i , have anomalous U(1) charges. In the SU(3) f model, the three generations of neutrinos in the above assignment correspond to a SU(3) u triplet and they have the same extra U(1) charge. Thus, their Majorana mass terms can not be generated unless the SU(3) u symmetry is broken. On the other hand, once the SU(3) u symmetry is broken, such mass terms would be generated but its pattern depends on the breaking pattern. For example, it is possible to break SU(3) u such that breaking does not induce a large mass ratio among the triplets and Majorana mass terms realize large mixing angles.
In the ∆(27) model, three generations of right-handed neutrinos are ∆(27) triplets. Again, unless the ∆(27) symmetry is broken, their Majorana mass terms are not generated. On the hand, non-perturbative effects may break the ∆(27) symmetry. 4 In such a case, all of entries may be allowed. Because three generations of right-handed neutrinos have the same extra U(1) charges, those entries in the Majorana mass would be of the same order, and we may have large mixing angles.
Also, we can comment on the Higgs µ-term matrix. Our models have no singlets S, which have perturbative 3-point couplings with the Higgs pairs, SH u H d like the next-to-minimal supersymmetric standard model, because extra U(1) symmetries forbid such couplings. Higher order couplings or non-perturbative effects would generate the µ-terms. In the SU(3) f model, H u and H d are triplets under SU(3) u and SU(3) d , respectively. Thus, unless those symmetries are broken, µ-terms can not be generated. Similar to the above comment on the neutrino masses, the pattern of the µ-term matrix depends on their breaking. It is plausible that the triplets develop similar VEVs such as H u0 ∼ H u1 ∼ H u2 , and H d0 = H d1 = H d2 . The situation of the µ-term in the ∆(27) is similar.
Conclusion
We have studied quark mass matrices in SO(32) heterotic string theory on 6D torus with magnetic fluxes. We have examined two models, the SU(3) f flavor model and the ∆(27) model. In both models, we have realized realistic quark masses and mixing angles by using our parameters, the complex structure, Wilson lines as well as Higgs VEV ratios. Similarly, we can discuss the charged lepton masses.
We have used the complex structure and Wilson lines as free parameters. It is important to discuss dynamics to determine those values. That is beyond our scope.
Our models do not have Majorana right-handed neutrino mass terms at tree-level or singlets such that they have 3-point couplings with right-handed neutrinos at tree-level and their VEVs induce neutrino mass terms. Majorana right-handed neutrino mass terms may be generated by higher dimensional operators 5 and/or non-perturbative effects. Indeed, non-perturbative computations to induce Majorana neutrino mass terms were studied in magnetized D-brane models [24, 22] . Thus, it is quite interesting to apply such discussions for SO(32) heterotic string theory. We would study elsewhere.
